The metrizability problem for a symmetric affine connection on a manifold, invariant with respect to a group of diffeomorphisms G, is considered. We say that the connection is G-metrizable, if it is expressible as the Levi-Civita connection of a G-invariant metric field. In this paper we analyze the G-metrizability equations for the rotation group G = SO(3), acting canonically on three-and four-dimensional Euclidean spaces. We show that the property of the connection to be SO(3)-invariant allows us to find complete explicit description of all solutions of the SO(3)-metrizability equations.
INTRODUCTION
Let g be a metric field on an n-dimensional manifold X, i.e., a non-singular symmetric tensor field of type (0, 2), and let g Γ be the Levi-Civita connection of g. We know that if g has in a chart (U, ϕ), ϕ = (x i ), an expression g = g ij dx i ⊗ dx j , then the components of g Γ are the Christoffel symbols g Γ i jk , defined by the decomposition ∂g ij ∂x k = g is g Γ s jk + g js g Γ s ik .
Now let ∇ be a symmetric affine connection on X. Recall that ∇ is said to be metrizable, if
for some metric field g. The metrizability problem for ∇ consists in finding integrability conditions and solutions g of this equation. If ∇ i jk are the components, then the local metrizability problem consists of solving the system of partial differential equations ∂g ij ∂x k = g is ∇ s jk + g js ∇ s ik (3) for unknown functions g ij such that g ij = g ji and det g ij = 0. Equations (3) are the local metrizability conditions.
The metrizability problem has been studied by many authors, with different results and ideas (Anastasiei [1] , Crampin [2] , Crampin, Prince and Thompson [3] , Kowalski [7, 8] , Krupka and Sattaro [9] , Sarlet [12] , Schmidt [13] , Tamassy [14] , and others). Our aim in this paper will be to follow straightforward approach to the problem, initiated by Eisenhart and Veblen [5] , who analyzed the system (2) directly and derived some necessary and sufficient conditions for existence of its solutions. A general feature of all these results is the absence of explicit formulas for metrizable connections or the corresponding metric fields. On the other hand, many examples of metrizable and non-metrizable affine connections are known and can be found in Vilimova [16] .
In application to physics, for example, the metrizability problem arises when considering Hamilton equations of general relativity, where independent field variables are a metric and a connection (see Krupka and Stepankova [10] ). Considerations of such problems may in principle be utilized in finding solutions to the Einstein equations.
Our new idea in this paper is to analyze the metrizability problem for affine connections, obeying certain invariance properties. We wish to clarify whether these additional properties could simplify the metrizability problem and lead to explicit solutions of metrizability equations.
Thus, suppose that X is endowed with a left action of a Lie group G, and we have a G-invariant affine connection ∇ on X. Then the G-metrizability problem consists in finding G-metrizability conditions for ∇ that assure existence of a G-invariant metric field g whose Levi-Civita connection is ∇.
Sometimes it is useful to formulate the g-metrizability in terms of vector fields; the corresponding definitions apply to one-parameter subgroups of G. If ξ is a vector field on X, then we say that the metric field g (resp. the affine connection ∇) on X is ξ-invariant, if the Lie derivative ∂ ξ g (resp. ∂ ξ ∇) vanishes, i.e., ∂ ξ g = 0 (resp. ∂ ξ ∇ = 0). We say that a ξ-invariant affine connection ∇ is ξ-metrizable, if there exists a ξ-invariant metric field g such that condition (2) is satisfied. Thus, we have the system of ξ-metrizability equations
One can also say in terminology used by Prince and Crampin [11] that the ξ-metrizability problem is the metrizability problem in which the transformations, belonging to the one-parameter group of ξ are affine collineations of the affine connection ∇ and isometries of the metric field g.
The notational conventions and a summary of basic concepts are set out in Section 2. Section 3 is devoted to ξ-metrizability and the structure of the ξ-metrizability equations. In Sections 4 and 5 we analyze two examples. We consider the canonical left actions of the rotation group G = SO(3)
on the manifold X = R 3 \ {(0, 0, 0)} and on X = R × (R 3 \ {(0, 0, 0)}), diffeomorphic with
We find in these cases explicit solutions of the system (4).
The proofs of our theorems are omitted since they can be reconstructed from the formulas given in the text and from formulation of the theorems.
Possible applications of our results and the method we present could be used in the geometry of affine connections and in physical field theories that include an affine connection as an independent field variable.
INVARIANT METRIZABILITY PROBLEM
The purpose of this section is to formulate the invariant metrizability problem for affine connections on a given smooth n-dimensional manifold X. We begin with basic criteria and infinitesimal invariance criteria for (0, 2)-tensor fields and affine connections (for invariant connections see also e.g. Helgason [6] ). The obtained invariant metrizability equations are mere applications of the formulas for the corresponding Lie derivatives.
1. The Lie derivative of (0, 2)-tensor fields
Consider a (0, 2)-tensor field g on X and a vector field ξ on X, and denote by ∂ ξ g the Lie derivative of g by ξ. If g and ξ are expressed in a chart (U, ϕ), ϕ = (x i ), by
then ∂ ξ g has the well-known expression
The Lie derivative of affine connections
Let VX denote the module of vector fields on X. Recall that an affine connection on X is a
for all functions f, g on X and all vector fields λ, ξ, ζ ∈ VX. ∇ is said to be symmetric, if
for all ξ and ζ.
Given a chart (U, ϕ), ϕ = (x i ), then the local coordinate expression will be
with
The mapping ∇ ξ : VX → VX is called a covariant derivative of a vector field with respect to the vector field ξ.
Let α : X → X be a diffeomorphism. For every vector field ξ we define a vector field ξ (α) on X, the pushforward of ξ by α, by ξ (α) = T α · (ξ • α −1 ). More completely, the value of ξ (α) at a point x ∈ X is given by
If (U, ϕ), ϕ = (x i ), and (V, ψ), ψ = (y i ), are two charts on X such that α(V ) = U, and x ∈ U is a point, and if ξ(α −1 (x)) is expressed by
then from (9)
Let ∇ be an affine connection on X. Every diffeomorphism α : X → X defines a mapping
can equivalently write
for every point y ∈ X, and all ξ, ζ. If
From definition, it is straightforward to see that ∇ (α) again will be an affine connection, which is said to be associated with ∇ by α.
jk are the components of ∇ on U, then the new affine connection will be given on V by
where
In particular, if ∇ is symmetric, ∇ (α) is also symmetric. If α = id X , (14) reduces to the transformation formula for components of an affine connection.
One can easily show that if ∇ is metrizable and ∇ = g Γ for a metric field g, then ∇ (α) is also metrizable and ∇ (α) = α * g Γ.
We now study transformation properties of affine connections with respect to one-parameter transformation groups. We start with the invariant expression (6), considered at a fixed point x belonging to the domain of definition U of a chart (U, ϕ), ϕ = (x i ). If λ is a vector field on X and α t is the one-parameter group of λ, then formula (14) applies to the associated connection
, defined on a neighborhood of x for all sufficiently small t. For all ξ and ζ we have a curve
In this formula
and by (15)
Writing
and differentiating (18) with respect to t at t = 0 we get the following expression for the Lie
Formula (20) shows that ∂ λ ∇ is a tensor field of type (1, 2).
We end this section with a global formula on the structure of the Lie derivative ∂ λ ∇, and an elementary property of connections, associated with diffeomorphisms.
Lemma 1. For any vector fields
Lemma 2. If ∇ is metrizable and ∇ = g Γ for a metric field g, then ∇ (α) is also metrizable and
INVARIANT METRIZABILITY PROBLEM
Recall that a (0, 2)-tensor field g on X is invariant with respect to a diffeomorphism α of X, if its pull-back α * g satisfies
Similarly an affine connection ∇ on X is invariant with respect to α, if
The following is an immediate consequence of definitions.
Lemma 3.
For any diffeomorphism αof X, the Levi-Civita connection g Γ satisfies
We have already seen that the definitions of G-invariance extend naturally to invariance with respect to one-parameter groups of vector fields. In the following lemma we combine invariance and metrizability conditions and get, in our standard notation, a system of partial differential equations, characterizing the ξ-metrizability problem in terms of charts.
Lemma 4. (ξ-metrizability equations) Let
, be a chart on X, and let ξ be a vector field, expressed by
Then the ξ-metrizability problem is characterized in terms of (U, ϕ) by the following equations:
Equation for ξ-invariant affine connections
− ∂ξ i ∂x m ∇ m jk + ∂ξ m ∂x j ∇ i mk + ∂ξ m ∂x k ∇ i jm + ∂∇ i jk ∂x m ξ m + ∂ 2 ξ i ∂x j ∂x k = 0.(26)
Equation for ξ-invariant (0,2)-tensor fields
3. The metrizability equation
Clearly, Lemma 4 also describes G-metrizability whenever G is a connected Lie group; in this case we take for ξ the generators of the group action of the Lie group G on X.
SO(3)-METRIZABILITY: EXAMPLE 3D
In this section we consider the open set X = R 3 \ {(0, 0, 0)} in the Euclidean space R 3 with its canonical manifold structure and the canonical left action of the rotation group SO(3). Given an SO(3)-invariant affine connection ∇ on X, we find restrictions to ∇ (integrability conditions) and all SO(3)-invariant metric fields g whose Levi-Civita connection g Γ coincides with ∇.
1. Spherical atlas
We introduce two spherical charts on R 3 , defining a smooth atlas on X. We need these charts to simplify further calculations and also for some elementary global constructions.
Consider the mapping R 3 ∋ (r, ϕ, ϑ) → (x(r, ϕ, ϑ), y(r, ϕ, ϑ), z(r, ϕ, ϑ)) ∈ R 3 defined by the equations x = r sin ϑ cos ϕ, y = r sin ϑ sin ϕ, z = r cos ϑ.
Since the Jacobi determinant of this mapping is −r 2 sin ϑ, equations (29) define a local diffeomorphism at every point of the open set in R 3 where r = 0 and sin ϑ = 0.
It can be easily verified that the restriction of the mapping (29) to the open set U = (0, ∞) × (0, 2π) × (0, π) is a diffeomorphism of U and the subset U of R 3 defined as
The inverse diffeomorphism is the mapping c, where
This construction can be modified by means of a rotation ν of R 3 , expressed by the equations x• ν = −x, y•ν = −z, and z•ν = −y.
The inverse transformation of (31) can be easily determined by replacing x → −x, y → −z, z → −y in (29). We get x = −r sinθ cosφ, z = −r sinθ sinφ, y = −r cosθ.
The pairs (U, Φ), Φ = (r, ϕ, ϑ), and (Ū,Φ),Φ = (r,φ,θ), are charts on X, called the first spherical chart, and the second spherical chart, respectively. Clearly,Φ(Ū ) = Φ(U) = U. These two charts form a smooth atlas on X, called the spherical atlas. The coordinate transformation
The following formulas, related to spherical charts, are given here for the reference.
Lemma 5. At every point
The generators of the rotations in R 3 around coordinate axes are expressed in the Cartesian coordinates by
Lemma 6. In the first spherical coordinates
2. SO(3)-invariant (0, 2)-tensor fields
Let g be a (0, 2)-tensor field g on the manifold X, given in the first spherical chart by
The following lemma describes solutions g rr , g rϕ , g rϑ , g ϕϕ , g ϕϑ , g ϑϑ of the Killing equations ∂ ξ g = 0, ∂ ζ g = 0, and ∂ λ g = 0 for the generators (36).
Lemma 7. If a (0, 2)-tensor field g on X is invariant with respect to rotations, then in the first
spherical coordinates
where P and Q are functions, depending on r only.
Using the spherical atlas on X and (34) we can globalize formula (38) as follows.
Lemma 8. Let
be an SO(3)-invariant (0, 2)-tensor field on U, and let
be an SO(3)-invariant (0, 2)-tensor field onŪ . The following two conditions are equivalent:
P =P and Q =Q on (0, ∞).
Lemma 8 constitutes a one-to-one correspondence between SO(3)-invariant (0, 2)-tensor fields on X and the pairs of everywhere non-zero functions (P, Q), defined on the set of positive real numbers (0, ∞). In particular, Lemma 8 proves the following theorem.
Theorem 9. The manifold X, endowed with any SO(3)-invariant metric field, is a warped product
of the manifolds (0, ∞) and S 2 , considered with their canonical metric fields.
3. SO(3)-invariant affine connections
To characterize SO(3)-invariant affine connections on X, we apply invariance conditions (26).
Considering separately rotations around x-axis, y-axis and z-axis and the corresponding invariance equations, defined by generators (36), we can prove the following result. 
SO(3)-metrizability
In the following two theorems we give the solution to the SO(3)-metrizability problem. The proof can be given by direct analysis of the SO(3)-metrizability conditions. Theorem 11. Let ∇ be an affine connection. The following two conditions are equivalent:
1. ∇ is SO(3)-invariant and SO(3)-metrizable. 
The components of ∇ satisfy
Formula (44) describes globally defined metric fields on X (cf. Lemma 8) . Note that SO(3)-metrizability does not influence the signature of g.
SO(3)-METRIZABILITY: EXAMPLE 4D
In this section X = R × (R 3 \ {(0, 0, 0)}), and we consider this open subset of R 4 with its standard manifold structure and the canonical left action of the rotation group SO(3) on the second factor. X is homeomorphic with R 2 × S 2 , where S 2 is the 2-dimensional unit sphere. A homeomorphism can be constructed from the homeomorphism
which is defined by the homeomorphism
where r = x 2 + y 2 + z 2 . We find all SO(3)-invariant affine connections ∇ on X, and all SO(3)-metrizable metric fields on X.
1. SO(3)-invariant (0, 2)-tensor fields
Consider (0, 2)-tensor fields g on the manifold X, given in the first spherical chart by
The following lemma describes solutions g tt , g tr , g tϕ , g tϑ , g rr , g rϕ , g rϑ , g ϕϕ ,g ϕϑ , g ϑϑ of the Killing equations ∂ ξ g = 0, ∂ ζ g = 0, and ∂ λ g = 0, where ξ, ζ and λ are the generators of rotations in X (Lemma 6).
Lemma 13.
If a (0, 2)-tensor field g on X is invariant with respect to rotations, then in the first spherical coordinates
Note that det g ij = (g tt g rr − g 2 tr )Q 2 sin 2 ϑ, thus the non-singularity of the tensor field g is equivalent with the conditions g tt g rr − g 2 tr = 0, Q = 0. The first of these conditions implies that at least one of the components g tt , g rr , g tr must always be different from 0.
Using the spherical atlas on X we can easily globalize local expression (48) as follows.
Lemma 14. Let
2. g tt =ḡtt, g tr =ḡtr, g rr =ḡrr and Q =Q on R × (0, ∞).
Lemma 14 establishes a one-to-one correspondence between SO(3)-invariant (0, 2)-tensor fields on X and the quadruples of functions (g tt , g tr , P, Q), defined on the set R × (0, ∞). As in Theorem 9, we have the following observation, in which we consider the unit sphere S 2 with its canonical metric field.
Theorem 15.
For any SO(3)-invariant metric field g on X, there exists a unique metric field g 0 on R × (0, ∞), such that X is a warped product of R × (0, ∞) and S 2 .
2. Isothermal coordinates
It follows from Lemma 14 that the manifold
endowed with an SO(3)-invariant metric field g, can be considered as the warped product of two manifolds R × (0, ∞) (or R 2 ) and S 2 . The metric field g expressed by (48), is induced by the metric fields
on R × (0, ∞) and S 2 by the function Q :
This property of SO(3)-invariant metric fields allows us to use in our further analysis a classical result on the structure of metric fields h on a 2-dimensional manifold M, known as the Korn-Lichtenstein theorem (Tanaka, Krupka [15] ). We call a chart (W, χ), χ = (u, v), on M an isothermal chart for a metric field h, if h has an expression 
3. SO(3)-invariant affine connections
As in the 3D case, in order to characterize SO(3)-invariant affine connections on X, we apply invariance equations (26). We get the following result: 
4. SO(3)-metrizability
The following two theorems give the solution to the SO(3)-metrizability problem for the manifold X = R × (R 3 \ {(0, 0, 0)}).
Theorem 18. Let ∇ be an affine connection on X. The following conditions are equivalent:
The non-zero components of ∇ satisfy
where the sign ± stands for upper case as Riemann, and bottom as Lorentz, C 1 , C 2 ∈ R are nonzero constants, and A We can now formulate our main result in this section, namely an explicit description of solutions of the SO(3)-metrizability problem on the manifold X = R × R 3 \ {(0, 0, 0)}.
Theorem 19. If an SO(3)-invariant affine connection ∇ satisfies the local metrizability conditions
(54), then the SO(3)-metrizability problem has a solution g = P (u, v)(du ⊗ du ± dv ⊗ dv) + Q(v)(dϑ ⊗ dϑ + sin 2 ϑdϕ ⊗ dϕ), 
and the sign ± stands for upper case as Riemann, and bottom as Lorentz.
We can apply to this result Lemma 14; we conclude that formula (55) defines a global metric field on the manifold X.
